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Flash and distillation systems evolving on the equilibrium manifold possess stable steady states when the molar flows
and the boundary conditions are fixed and a vapor and liquid phase is present at all times. The results extend the range
of validity of a local stability theorem for linear, constant molar overflow systems due to Acrivos and Amundson. The
approach to stability analysis is motivated by the tangent plane method developed by Gibbs to open systems as it takes
advantage of the negative curvature of the entropy surface to construct a Lyapunov function. © 2013 American Institute

of Chemical Engineers AIChE J, 59: 3322-3332, 2013
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Introduction

“One of the principal objects of theoretical research in any
department of knowledge is to find the point of view from
which the subject appears in its greatest simplicity.”

J. W. Gibbs, American Scientist, 1839-1903.

More than 50 years ago, Acrivos and Amundson showed
how matrix mathematics could be used for modeling, numer-
ical simulation, and stability analysis of chemical process
systems.' One application they studied concerned the stabil-
ity of multicomponent distillation. They worked under the
assumption of constant molar overflow (CMO) and equilib-
rium relations y;=K;x; with constant K;s. Under these condi-
tions, the matrix differential equation for the system
dynamics is linear and described by the system

dx

— =Ax+b,

= x(0)=xo (1)

The vector x consists of deviations in the liquid-phase
mole-fractions from a given steady state, b is a vector of
external perturbations, and the matrix A is given by the equi-
librium relations. The authors went on to show that the
eigenvalues of A are negative and real. It follows that the
fixed point corresponds to a stable node and convergence
toward the stationary point is nonoscillatory. However, the
equilibrium relation is restrictive, as acknowledged by the
authors, and the result does not go far in understanding how
to design and operate distillation columns.

The next important breakthrough was provided by Rose-
nbrock. In 1962, he used Lyapunov’s second method to
prove that a binary distillation column has a stable steady
state under the following assumptions: (1) constant molar
overflow; (2) every vapor composition y; corresponds to a
unique liquid composition x;; and (3) the stages are nonideal
and approximated with Murphree efficiency.>® The author

Correspondence concerning this article should be addressed to B. E. Ydstie at
ydstie@cmu.edu.

© 2013 American Institute of Chemical Engineers

3322

September 2013 Vol. 59, No. 9

commented that the method of analysis does not extend to
multicomponent systems.

A decade later, Doherty and Perkins (DP) provided a criti-
cal review of the state-of-art in light of research that showed
the existence of multiple steady states in distillation sys-
tems.* They concluded that a comprehensive theory for dis-
tillation systems was needed for process design and control.
In the article, they reviewed different models and assump-
tions, they proposed a program for research and developed
theory to show stability of continuous distillation of homoge-
neous mixtures. They concluded that the differential equa-
tions governing the dynamic behavior of a multicomponent
distillation plate (a flash) possesses an asymptotically stable
steady state*.

Sridhar and Lucia (SL) analyzed steady-state flash and dis-
tillation systems.”® They showed that flash and distillation
processes admit unique steady-state solutions without using
CMO and simplified phase equilibrium. The convexity argu-
ments used in their analysis are similar to the ones we use to
prove stability. One difference being that that SL used the
Gibbs free energy of the two phases as their point of depar-
ture, whereas we use the entropy of the overall system.

The next advance in stability analysis was made in 1993
when Rouchon and Cref (RC) demonstrated stability of the
multicomponent flash under a set of conditions similar to
those of DP. They fixed the feed-conditions, pressure, and
the vapor and liquid volumes. The adiabatic case was studied
and they showed that the multicomponent flash was stable.’

*Unfortunately, although the result is correct, the stability proof has a flaw. In a
key step, it is claimed that (x, 7x‘,?) (y;*y;‘) > 0, that is, 0x;0y; > 0, based on the fol-
lowing thermodynamic stability criterion for homogeneous mixtures: (%)PJ’ > 0.
However,

0x;0y; =0x; <§§: ) Oxy +0x; (%) oxy+ ..+

WA s (i s
[(h, ((%i)(),\,] + ...+ ox; (8&‘7')0,(‘,,1

and we conclude that although the term between brackets in the above expression is
positive, 0x;0y; has an undefined sign.
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It should be noted that RC did not treat the equilibrium
flash.

Many articles have been published showing complex dynam-
ics, such as bifurcations and sustained oscillation, in distillation
systems. An early simulation result due to Magnussen, Michel-
sen, and Fredenslund showed the existence of three steady-state
solutions in distillation of the ethanol-water-benzene azeo-
trope.® Multiple steady states in distillation were later con-
firmed experimentally in binary9 and azeotropic distillation.'”

Jacobsen and Skogestad”’12 showed that multiplicities and
instability may occur in binary distillation, especially when the
internal flows are large. One source of multiplicity may occur
when reflux is specified on mass or volumetric basis (rather
than molar), even when one assumes CMO. Multiplicity and
instability are likely to occur for mixtures with large differences
in the component mole weights, for example, for the methanol-
propanol system. Another source of multiplicity may occur
when the reboiler duty is specified (rather than the molar vapor
flow) and the lightest component has the largest heat of vapori-
zation, for example, for the propanol-acetic acid system. For
varying molar flows inside the column (not CMO), multiplicity
and instability may occur even when reflux and vapor flow
(boilup) are specified on a molar basis, for example, for the
methanol-propanol system without the CMO assumption.

The stability analysis in our paper is based on the conver-
gence theory introduced by Demidovich.'> Convergence means
that trajectories become closer and merge to a single trajectory.
It follows that all converging systems are asymptotically stable,
but not all asymptotically stable systems are converging.

Thermodynamic Foundations

We are concerned with the existence, uniqueness, and sta-
bility of solutions to a class of nonlinear dynamical systems
with equilibrium constraints. The state of the system is given
by the vector

Z=(U,V,Ny,...,N,)" Q)

The components of the vector Z are thereby identified with
extensive variables such as the internal energy, volume, and
mole numbers of n. chemical species. Associated with every
state Z, we have a vector of conjugate or intensive variables

1P Y
D)= mmy — oy ey —
W( ) <T7T7 T’ ? T> (3)

where T is the temperature, P the pressure, and & the chemi-
cal potential of component j at Z. We denote the space of
extensive variables Z and the space of intensive variables
W. With these abstractions, we now define what is meant by
a multiphase equilibrium system.'*'?

DerFINITION 1. A composite system consisting of two con-
stituent subsystems with states Z, and Z, are in thermody-
namic equilibrium if and only if wi=w,. Two subsystems
in thermodynamic equilibrium, equilibrium for short, are dis-
tinguishable if their states are linearly independent, that is,
Z\ # 1Z, for any positive scalar 1. Consider now a compos-
ite system that consists of n subsystems that are all in equi-
librium with each other. We denote the states of the
subsystems by Z;,i=1,...,n. The composite system is said to
have n, phases if there are n, distinguishable subsystems.
The state of the thermodynamic system is given by
Z=Z1+,...,+2Z,.
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Feinberg'” shows that the construction given above limits
the number of possible states so that 1 < n, < n.+1, a prop-
erty that is referred to as Gibbs phase rule. The phase equi-
librium problem can now be stated in a general form
suitable for stability analysis and control design.

The phase-distribution problem

Given the state Z of a composite system find the number
of phases 7, and the phase-distribution, that is, the maximum
number of linearly independent vectors Z; so that

zZ= nzpz,- )
i=1

0=w;—wj, for all pairs 1 <i,j <n, 5)

The first equation expresses additivity of the extensive vari-
ables and the second equation shows that the temperature,
pressure, and chemical potentials are the same in all phases.

The existence and uniqueness of the solution to the prob-
lem above is dealt with in texts on thermodynamics such as
Callen."* However, the phase-equilibrium problem is not
usually solved in the form stated here as the functions w(Z)
are not normally known explicitly. In numerical simulation
studies, it is more often convenient to fix 7 and P instead of
U and V. Efficient numerical methods have been developed
for such cases, especially for two-phase, vapor-liquid equi-
librium problems.>™'¢~#

The entropy of the equilibrium system is defined so that

1P g
S=?U+TV—Z%NJ- ©)
j=1

The entropy defines a surface in the n.+3 dimensional
space of the thermodynamic variables S,U,V,Ny,...,N,,
called the equilibrium manifold. The example shown in Figure
1 represents the entropy of a water-like substance with fixed
mole numbers. The surface is smooth with concave and con-
vex subregions. The convex regions are not physically accessi-
ble. Concave regions below the concave envelope (not shown)
represent metastable states that are physically accessible but
do not correspond to entropy maximization.

In our compact notation, we have

S=w'z

By differentiating, we find dS=w’dZ + Z'dw. The latter
term vanishes due to the homogeneous degree one property
of the entropy. This is the Gibbs—Duhem equation and we
get the identity

oS
—=ul
15/4

The intensive variables are therefore tangent to the equi-
librium manifold. By taking second derivatives, we find the
local curvature of the equilibrium manifold

ow(Z)
M(Z)=——--<0
(2= <

The curvature is nonpositive due to the concavity of S.
However, the equilibrium surface is not strictly concave and
M is therefore semidefinite. The number of phases at a point
Z € 7 is related to the rank deficiency of M so that

ny(Z)=2+n.—rank (M(Z)) @)

To see how this comes about consider the variation of w
at the point Z defined so that
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Figure 1. The equilibrium surface of water shown here
was based on data published by Joshua Will-
ard Gibbs in 1973.
The Scottish Physicist J.C. Maxwell sculpted the original
model in clay in the Cavendish Laboratory at Cam-
bridge University in 1874 and offered it to Gibbs as a
gift. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

ow=MoZ ®)

A variation 0Z=Z—Z7, is defined as a “virtual” change
where Z is considered fixed and Z; is allowed to vary.

The homogeneous degree one property implies that we
can scale the state of the system with a positive constant
without changing the intensive variables so that w(AZ)=
w(Z). This means that w is homogenous degree zero and we
conclude from Eq. 8 that rank(M) < n.+1 for all Z € Z. 1t
follows that the equilibrium manifold is bounded by a cone.
This does not show up in Figure 1 because Maxwell fixed
the mole numbers to allow the three-dimensional
representation.

Definition 1 shows that there may exist nonempty sub-
sets Z; € Z where the degeneracy of M is higher than one.
In regions where two phases coexist, two linearly inde-
pendent  vectors Z; and Z, scale so that
w(1Z1+2A2Zy)=w(Z,+Z;) for all positive scalars A;,7;.
This means that we can scale the size of each phase inde-
pendently without changing the intensive variables. We
therefore find that rank(M) = n, for a two phase system
etcetera for systems with three or more phases. Thus, we
can view the rank deficiency of M at a given point Z € Z
as a definition of how many phases there are present in a
mixture as seen in Eq. 7.

Because M is rank-deficient of degree n,, we cannot use
M to define a norm for the space Z as in Riemannian geom-
etry. However, M can be used to define a norm for the space
W. Let

W(Z,0Z)=—06Z"M(Z)6Z=—05Z" 6w ©)

We then have according to the discussion above
1. W(Z,0Z) > 0, nonnegativity

2. W(Z,0Z)=0 if and only if dw=0, coincidence
We also have positive constants €; < €, so that

allow(2)|[* < W(Z,6Z) < exllow(2)|

It follows immediately that (See Appendix A)
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W(Z,0Z)=-05S(Z) (10)

Our approach to stability analysis therefore follows the
following pattern. First, generate the entropy balance for the
system. Second, calculate the second variation of the
entropy. Third, establish if W converges. If it does, then the
intensive variables converge to a single trajectory.

The norm W can be augmented to define a norm for Z by
adding a matrix that spans directions not accounted for by
M. Many possibilities exist, the simplest consists of adding a
symmetric matrix K.(Z) with rank(K.) > n, and define

W(Z,52)=62"(K.(Z)~M(Z))6Z (11

W now measures the distance between the points Z and Z;
provided K, is chosen so that K. —M is positive definite at Z.

Another important concept we is the idea of a thermody-
namic process. A process moves a thermodynamic system
from a state Z; to another state Z, by adding heat, material,
or by compression. Such a process may be adiabatic, isother-
mal, or isobaric. It may be open or closed and it may follow
any number of different paths. Regardless of how the process
is carried out, we find that the intensive variables change
according to the formula'®

w(Z1)=w(Z)=1(Zy,2>)(Z1~2») (12)
where
1
n(zl,zz):J M(eZo+(1-€)Z) )de
0
More details are provided in Appendix A and many exam-

ples of simple processes are given in the books by Callen'*
and Sandler.?°

The Equilibrium Flash

The model for the equilibrium flash shown in Figure 2 is
developed under the assumptions that the total volume is
constant and that vapor and liquid phases are present at all
times. The inventories U,V,N are time varying and evolve
according to the differential constraints

ij—lzj :Fl’lp _DhD _LhL ‘i‘Q7

dv

=0 13
o 13)
IN;

dd[ :FZ,’_DyI'_L)Cl‘ = ll’l(

The variables &g, hp,hy are the molar enthalpies of the
feed, the distillate, and the liquid products, Q the heat input,
F, D, and L represent the molar flow rates of the feed, distil-
late, and liquid products, respectively, and z; is the mole
fraction of component i in the feed. The vapor and liquid
mol fractions are defined so that

¥i=Nyi/Ny, xi=Np;/N; (14)

where Ny and N, are the vapor and liquid molar hold-ups,
respectively.

The problem we consider concerns the issue of whether or
not the state of the flash converges when the boundary con-
ditions are fixed. Many different possibilities exist. We con-
sider the case when the outlet molar flows and the inlet
conditions are fixed. The more general problem, which we
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Figure 2. The flash system.

do not consider in this article, could include the dynamics of
control systems.
The differential system (13) is solved from initial conditions

{U(0),V(0),N;(0),i=1,...,n.} subject to the equilibrium and
mass balance constraints (4) and (5) with 7,=2 so that
Z:ZV +ZL (15)
O=wy—w;, (16)

The differential algebraic equation (DAE) system (13-16) has
n.+2 differential constraints, 5n.+ 10 algebraic constraints, and
the 8n.+ 17 variables seen in Table 1. The remaining n,.+5 var-
iables are fixed by boundary conditions and controls.

A practical control system for the flash is shown in Figure 3.
In this set up, there is one controller for the liquid flow, a temper-
ature controller to manage the energy balance, and a pressure
controller to manage the vapor hold-up. The liquid flow control-
ler can, for example, be derived from the total mol balance

dN =F—-D-L 17
r a7

The objective is to choose a feedback control strategy to
keep the total mole number N constant and equal to a set-
point Ny. The inventory control strategy

L=F—D+K;(No—N) (18)

where K is the controller gain, achieves this objective. Sub-
stituting the control (18) into the mole balance (17) gives
dN
— =K;(No—N
g~ KiWo=)
so that N converges to Ny with convergence rate K, !. In the
limit, we get the steady state balance

F=V+D (19)

Other types of control systems can be developed to
achieve other objectives, such as constant temperature and
pressure or concentration of a specific component or strip-
ping factor. In simulation, dynamic controllers are often
ignored and they are simply assumed to work as desired by

Table 1. Variables in the Flash Systems

Variables Number
Controls D,L,O 3
Disturbances z,hsF ne+2
Latent 2,21, Zy.x.y,hp,hy. Tn.+12
Total 8n.+17
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Figure 3. The flash with temperature, pressure, and lig-
uid level feedback controls.

®@-C

fixing variables such as temperature and pressure stripping
factors. Some care has to be taken as the index of the DAE
system may increase when constraints are imposed.

The dynamic system (13) with algebraic constraints (14—
16) and control (18) has index equal to one. Such constraints
are referred to as holonomic constraints in classical mechan-
ics. The implicit function theorem guarantees that they can
be removed and the flash system can be described by a sys-
tem of nonlinear differential equations on the form

Y —t2)+b, 20002 20)
where f is the drift and b is a function of the boundary con-
ditions and controls. It was shown by Acrivos and Amund-
son that the linearized distillation system can be written like
so when the equilibrium relations are constant.' RC’ use
geometric control theory to show that higher-order con-
straints also can be removed so that system (20) can be
developed from Eq. 13-16 with constant pressure and tem-
perature conditions.

Stability of the Flash

We will use the norm W(Z,0Z) in Eq. 11 as a control-
Lyapunov function (CLF) to analyze the stability of the flash
system. W is called a CLF as it includes degrees of freedom
to be determined by controls and boundary conditions. It is
convenient to use

W=—0Z"M(Z)6Z+ K,(V—Vo)*+K>(N—No)? @21

Controls

in the stability analysis, The scalars K; are positive. V)
denotes the reference value for the total volume and N,
denotes the reference value for the total mole number. These
latter terms vanish when the volume and total molar hold-up
are constant.

In the next stage of the development, we need to show
that ¢y > 0 exists so that

dw
— < = 22
s oW (22)

W then converges to zero exponentially. This implies that
we can write

OZ(D)]] < exp (—2€0min 1)||0Z(0)]|

where Amin is the minimum eigenvalue of the matrix
—M+K,, that is
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Figure 4. Thermodynamics provides an organized way
to model and analyze the stability of chemi-
cal engineering process systems.

)Lmin=intf A(—M+K,), i=1,...,n.+2

Trajectories then converge to a single trajectory and con-
vergence theory establishes existence, uniqueness, and stabil-
ity of the solutions to the differential equations describing
the system dynamics.13’21’22 As we will see, the thermody-
namic perspective provides an organized way of deriving the
sufficient conditions needed to establish inequality (22)
(Figure 4).

Combining the differential constraints (13) with definition
(6) gives the entropy balance (See Appendix B)

ds 0 14 1
—= + =+ Ap+ +
4 = SrSp Skt AptF o (PrP) Q(T To)

Entropy flux - ¢ Entropy Production - gg

(23)

Here, we use the notation SF:WPT-ZF,SDZWTZD,SLZWTZL,
where Zp,Zp,Z; denote the vector of flows of storage varia-
bles, for example, ZL=F(U,V Ny, ...71\7,11)1,. The tempera-
ture scaled availability is defined so that

Ap:(W_WF)TZp:WTZF_S(ZF) > 0 (24)
Differentiating Eq. 21 gives
dW 5 @ n dw,
dr dt dt

where we have ignored terms of order three and higher and
W.=Ko(V—Vo)>+K,(N—No)’

The entropy balance (23) provides the following expres-
sion for the CLF

aw _ 0
— 82 Sp—Sp—S.+
dr ( Foepet To)

Entropy Flux

1% 11 dw.,

8 Ap+F = (Pr—P)-0 = ——) | + ==¢
(F F (Pr—P) Q(T To)) p
~—~

Controls

(25)

Dissipation

Expression (25) holds for any constant volume flash pro-
vided the operations of differentiation and second order var-
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iation commute. This is the case if the total molar flows are
constant, the vapor and liquid molar hold-ups are constant
and the heating rate is constant. We now develop two stabil-
ity results for different boundary conditions.

Theorem 1. Adiabatic Flash: Suppose that the heating

iaTte Q is constant, the state of the incoming fluid

(UF,VF,Nl7 . NF”) and the molar flows F,D,L are
comtant and in balance so that

F=D+L

The state Z then converges to a unique, Stationary steady
state provided Eq. 25 holds.

Proof. We first insert definition (24) into Eq. 25 to give

dw 2 0
+5L— —
o =0 (S S 0)

(26)

P 1 aw,
+8* | W Zp + FV L —FV = — +—°
N T VT Q(T To> di

2 3 4

To complete the development, it useful to note that the spe-
cific volume

V=V, /No= a constant

as the total volume and the molar hold-up are constant. We
now show that the terms 1-4 in Eq. 26 vanish.

Term 1:
52 (WTZF> :(32(W)ZF:0

Here, we used the facts that Zr is constant and 5w=0.

Term 2:
52<vﬁ):5<”l5vwa<ﬁ>>:o
T T T

here we used the fact that V is constant so that 6V =0. We
also used the fact that 6*(Py/T)=

Term 3: In the same way

(ol

Term 4: And finally

#(o(r=5))~

as Q is constant and 6*(1/T)=0 and &°(1/Tp)=0 as T, is
constant.

We have dW,/dt=0 as the equality F=L+V gives dN /dt=0
and N=N for all r > 0. Combining these results gives
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Figure 5. A simple distillation column.

W 5 (DSy)+ 5 (151)
D N L .
<= +8* —
(B Yo (s
Hence

dW (D (L

= - + -

7 0 (N\/SV) 0 (NLSL) 27)

Define €¢;=min{D/Ny,L/N;} and use the fact that
S=8y+S; and we can write

dw €1
— —W 28
dt N (28)

Inequality (22) is now established with ep=¢;/N. []

€1 2
< 5 e
N S

The result shows that the exponential convergence rate is
bounded by

1
€1 =min {D’L}N

A high convergence rate is achieved when the residence
time is small. The estimate tends to zero as either the liquid or
the vapor rate decrease to zero.

Theorem 2. Isothermal andlor isobaric flash stability:
Suppose that the pressure P and/or temperature T are con-
stant, the state of the incoming fluid Zr and the molar flows
F,D,L are constant with F=D+L. The state Z then con-
verges to a unique, stationary steady state provided Eq. 25
holds.

Proof. In this case, we insert the constant pressure and

temperature conditions into the proof and the same result
follows. [_]

We relied extensively on the concavity and differentiability
of the entropy function. The concavity is derived from the
second law as shown in Appendix A. In a metastable system,
there may be ambiguity in the number of phases. Infinitesi-
mal perturbations or a spontaneous fluctuation can lead to a
finite perturbation when the vapor is subcooled or the liquid
is superheated.
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Stability of Distillation Columns

We consider again the separation of a multicomponent
mixture, but now in a distillation column with stages as
shown in Figure 5. Stage 1 corresponds the reboiler and
stage ny, corresponds to the condenser. For stages
n=1,...,n;, we have energy and material balances given by
the mesh equations

dau,
zn :FnhFJl +Ln+1hL,)1+l +Dn*1hD‘n71 _L/‘thJl _DnhD,n+Qn

av,
dt
dN, ; )
d;l,l :Fnznj+Ln+lxn+l,i+Dn—lyn—l‘i_Lnxn,i_Dnyn‘h l:1...}’lc
(29)

The notation is the same as for the flash and further
explained in Figure 6 for the generic tray n.
We assume that there is one feed tray (Stage ny) so that

F,=0 for n # np,F,,=F
For the condenser (Stage 7, in Figure 5), we have
D, =L, +1=0, L, =R+T
The reboiler (Stage 1 in Figure 5) is modeled so that
Dy=0, L,=B

The heat-duties are equal to zero except Stage 1 (reboiler)
and Stage n, (condenser) so that

0,=0, for n # 1,n,, 01=0r, 0n,=0c

Example: Distillation with two trays: To introduce the
application of the stability theory, we consider first distilla-
tion with two stages as seen in Figure 7. The column has a
feed, a liquid draw from the bottom and a vapor draw from
the top.

The entropy balance for Stage 1 is given by

ds, g g 3 & Op
= =FSp—DSp1+LyS;2—L1S;1+=
d F 19D,1 292 19L1 Ty
.V .V
+F <AF+ -1 (PF—PI)) +L, (AL+ -1 (Pz—P1)>
T, T,
‘o 11
B\T, T,
Dn Ln+1
th hL‘n+1
y,, Xn+1
ZV
Feed Heat/Cool
N
W, = W,
F L L Q,
he Z >
ZE L Liquid Product
Dy L, T, hy, z¢
Vapor | hp,,  Liquid | s
yn—1 xn

Figure 6. Tray n in the distillation column.
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Figure 7. Two-stage distillation column.

The first line describes the rate of entropy flux to and
from Stage 1. The second line describes the rate of dissipa-
tion due to mass transfer and fluid flow and the last line
describes the rate of dissipation due to heat transfer from the
reboiler. A similar equation for Stage 2 yields

dSz QC
P2 _pSy.-L D2, 2+ 2€
0t 1Sv1—LaSpr—DaS, 5 Te

+D, (AD—i-%(P]—Pg))

1
+0c <T2 TC)

By adding the two equations, we find that the overall
entropy balance

ds 5 0Op  Oc
=FSp—LS; 1 —D>Spr+ =2+ =5
7 FLiSL=DaSpat

% SV
+F(AF+ L (PF—P1)> +D, (AD+ (P, —Pz))
T T

+1, (AL+ ?(PZ—PI))

1 1
(- Dt %

where §=S;+S, is the sum of the entropies of the two
stages. The three availabilities are defined so that

AF:(WI _WF)TZF
AD:(WZ_WI)TZD,I
AL:(Wl—Wz)TZL,z

The dissipation terms combine so that

DIAADA+L2AALA,:_(W1_WZ)T(DIZAD,I_L2ZALA,2) 3D

From Eq. 12, we have the process
(Wl _Wz):H(Zl,Zz)()LlZl _;uzZz)

for any A;,/, positive. This equation describes how the
intensive variables change as a function of the extensive var-
iables. The independence of /; follows from the homogene-
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ous degree zero property of the intensive variables. We can
now write . r
D\Ap+LA=(Zp1—Z12) (Zp1—Z15)

where ZDA,1=D1ZADA,1 etcetera. We can, therefore, rewrite the
entropy balance in its final form for our purposes so that

s _ o o 05  Qc
L _FSy—1,S, 1 —DySp,+ 22 + =€
dt F 19L,1 29D2 TB TC
Vv, v, 1%
+FAF+FT (Pr— P1)+D1T (P, P2)+L2T—1(P27P1)

i sat-A) ot

(32)

The first line represent entropy flow. The next represents
entropy production due to compression and viscous dissipa-
tion. The last two lines represent entropy production due to
mass and energy exchange between stages and heat
exchange with the environment. All these terms contribute to
positive entropy production.

Taking the second variation (assuming that the differentia-
tion and the second variations commute) and eliminating
terms that are equal to zero gives the much simpler
expression

d
o 8°8S==128S1,1—D16°Sp 2= ((Zp.1—Z12)N1(Zp1—2Z12))

Now

8 ((Zpy=2Ze2) W (Zp1=21.2)) = (6°Zp 1 =672y 2) T1(6°Zp 1 — 672 2) )

Using the identity W;=—4S;, we get
aw _ (27 2 2, 2
o LiWp 1 =DaWpo—(0"Zp 1~ 5 Z12)1(6°Zp —6°Z1.2))

We can rearrange the expression and write the integral

W(e)~W(0)= J

0
—(8°Zp 1 —8°215)1(8°Zp,1 —0°Zy.»)

—LiWr1—D>Wpy

Since W(t) > 0, we conclude
Jo T LiWL 1 +DoWp, < W(0)
Joe (8°2p1 =622 11(8°Zp,1 —6°Z12) < W(0)

It follows from continuity that that
lim 1—00 WL,l =0
lim 1—00 WD,Z =0
lim t—00 (522071 _(SZZLQ) H(ézzD‘l _5ZZL,2) =0
From the first two equations, we can conclude that w,
and w, converge to stationary values. From the second

equation, we conclude that interstage variations converge so
that

lim (ow(i)—ow(i+1))=0, i=1,...,n,—1

—o0

But, w; and w, are constant in the limit so that means
that all stages also converge.
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The theory developed above generalizes quite easily to
more general distillation systems. We make the assumption
that liquid (L) and vapor (D) flows in the rectifying and the
stripping sections are time-invariant (not necessarily the same
from one stage to the next). We furthermore assume that the
molar flows are balanced so that the overall mole balance is
kept invariant for every tray, that is

F,+L,s1+D,-1=L,+D, for n=1,...,ny
hence

dN,

=0
dt

We can then conclude that the total volume V and the
total molar hold-up on every tray are constant. Two inde-
pendent extensive quantities are then fixed and it suffices to
show convergence of the intensive properties. The approach
is equivalent to the two stage system so we only give the
outline of the proof.

Theorem 3. Consider a distillation column where

1. The molar flows are time-invariant and balanced as
described above.

2. The reboiler heating rate Qg and temperature Ty, the
condenser cooling rate Q¢ and temperature 7 are time-
invariant. o
3. The feed rate F and its state Z,=(Ur,Vp,Ny,...,
Np,,) are time-invariant.

The states Z,,n=1,...,ns of all stages then converge to a
unique steady state provided time-differentiation and second
variation commute and all internal flow rates as well as the
distillate and bottoms rate are nonzero and positive.

Proof. We first develop the entropy balance for every
stage and then we apply the assumptions that provide con-
stant hold-up and flows. Calculating the second variation for
every stage and summing over the entire columns yields

d
dt 0*S=—L18"S1.1 =D, 6*S1.,

ny—1

> ((Zpi~Z1i+1)Q(Zpi~2ZLi+1))

i=1

From this we point, we apply the same approach as for the
two stage system. [_|

Our analysis for multicomponent distillation, like that of
Acrivos and Amundson, shows that persistent instabilities
and multiplicities in distillation cannot occur when the heat-
ing rates and all internal flows are.

Conclusions and Brief Discussion

In this article, we studied the stability of multicomponent
flash and distillation systems operating under adiabatic or
isothermal and isobaric conditions. The results confirm previ-
ous results that demonstrate that multicomponent flash sys-
tems cannot exhibit complex behavior, that is multiple
steady states and oscillations, when the inlet conditions are
fixed and the molar flow rates are fixed. One question that
remains open is to establish conditions under which the com-
mutation in Eq. 25 holds. The Acrivos—Amundson article on
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matrix analysis provided a point of departure for our devel-
opments and in the spirit of this special issue we wanted to
stay close to the original developments while relaxing the
condition y;=K;x; with K; constant. We therefore kept the
assumption that flow rates are constant and balanced and
that the feed conditions are time-invariant. Using these
assumptions, we showed exponential stability of the flash
system and asymptotic stability of the distillation system.
Future research should aim to replace restrictive assumption
on the hydrodynamics by including weir-equations and con-
trols. It is important to develop a tighter analysis that pro-
vide exponential rather than asymptotic stability for
distillation and include models for the hydrodynamics and
control systems to compare the stability results with simula-
tion and experimental results that show instability.
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Appendix A: The Formal Structure of
Thermodynamics

Callen'* proposed the following postulates for an equilib-
rium system.

Postulate I. There exist particular states (called equilib-
rium states) that, macroscopically, are characterized com-
pletely by the specification of the internal energy U and a
set of extensive parameters X1, ..., X,,, later to be specifically
enumerated.

Postulate II. There exists a function (called the entropy)
of the extensive parameters, defined for all equilibrium
states, and having the following property. The values
assumed by the extensive parameters in the absence of a
constraint are those that maximize the entropy over the
manifold of constrained equilibrium states.

Postulate III. The entropy of a composite system is
additive over the constituent subsystems (whence the entropy
of each constituent system is a homogeneous first-order
function of the extensive parameters). The entropy is contin-
uous and differentiable and is a monotonically increasing
function of the energy.

Postulate IV. The entropy vanishes in the state for
which T=(9U/0S)y, , . v, =0

We now derive the mathematical structure of equilibrium
systems that closely mirrors the Callen postulates. Here, we
follow Wightman23 and Evans.”* Let Z denote a point in an
open convex subset Z C Rf’;’” and let S(Z) be a function
defined on Z. Postulates 2—4 are then written

Postulate II.

Postulate III.
is positively homogeneous
T=90S/0U >0

Postulate IV. S =0 whenever T = 0.

In our context, we define the vector Z so that

S : Z—R is concave
S(2Z)=18(Z) for any . > 0 (the entropy
degree one), S € C;, and

Z=(U,V,N,...,N,)"

It is worthwhile to explore the concavity property further as
its relationship to the entropy maximization principle may not
be evident at first sight. Imagine first that we have two systems
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A and B that are not in contact. These systems have states Z,
and Zp and entropies S(Z,) and S(Zg). The overall entropy is

S=5(Zx)+S(Zp)
We now combine A and B to form a new system with
state'
Z=Zs+Zg
The second law states that for any irreversible process, the

entropy increases (Postulate II) until it reaches its maximum.
Thus

S(Za+2Zp) > S(Zs)+S(Zp)

It follows that S is a concave function since for any
0<i<l

S(2Zs+(1=2)Zp) > S(AZa)+S((1-2)Zp)
= IS(Za)+(1-1)S(Zs)

In second step, we used the homogeneous degree one

property.
As S is C; and monotone in U, we define
U=(S,V,Ny,....,N,,)

where U now is convex and C;. We can therefore, define
the derivatives

ou
T=—;, Temperature

oS
P=— v Pressure
ou
W= 871\/, Chemical potential, i=1, ..., n,

These variables can be viewed as force variables. At equi-
librium differences among these vanish as seen in Definition 1.
This principle can be reformulated as a minimization principle
once we define the internal energy

dU=TdS—PdV+ > _ pdN;
=1
From this perspective, the one-form TdS corresponds to
infinitesimal heating and PdV, y;dN; correspond to infinitesi-
mal working. The equation above can be rearranged as

1

as=Lav+Lav- nzﬂdN-
T T T !

Due to homogeneity, we then have Definition 6

1 P WSy
S=_U+-V-> IN;
T T ;T !

This equation, written on the form S=S(U,V,Ny,....,N,.)
is called the fundamental equation as it contains all thermo-
dynamic information.

"From physical point of view, we imagine that the new state is formed in a way that
no work is done and no heat is transferred to or from the surrounding environment
and that there are no chemical reactions. Sufficient time is then allowed to relax the
system to achieve equilibrium.
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Theorem 4.

0Z'M(2)62=6*S(Z) (A1)

Proof. The second variation of the entropy is given by

825=5(59)

[0S
o(B2)
=wl6Z4+wl 5°Z

The term 6°Z vanishes as a variation of a variation is equal
to zero and we get

828=67"ow (A2)
From Eq. 8

62" sw=862"MsZ
and the result follows. [_]

The results above allow us to analyze the stability of per-
turbations along trajectories that are not necessarily defined
a priori, using the second variation of the entropy as a Lya-
punov function. This approach achieves global stability22
and it is therefore considerably more general than the one
proposed by Glansdorff and Prigogine (GP).”> They defined
the second variation relative to steady states by linearization.
The GP type of analysis was recently applied for local stabil-
ity analysis of some classes of chemical process systems by
Ederer et al.*

Appendix B: The Entropy Balance

We consider the multicomponent flash system shown in
Figure 3. The extension to a more general system with
multiple inputs and outputs and more phases is straightfor-
ward and the result is provided at the end of the appendix.
As is the case for all the systems we consider, we assume
no chemical reactions, complete chemical, thermal, and
hydrodynamic equilibrium between the vapor and liquid
phases.

The balance Eq. 13 is repeated here for quick reference

du

—:FhF_DhD_LhL+Q,

dt

dvr

— =0 A4
o (Ad)
WNi g Dy—Ly i=1

o zi—Dy;—Lx; i=1...n,

From the fundamental Eq. 6, we get

1 P o L
dS=—dU+=dV—"Y ZLdN,
T HT1

Assuming that the system evolves on the equilibrium
manifold, we get

as 1dU+PdV_"Z‘&@

dr Tdt Tdr T dr

J=1

Substituting the mass and energy balances in (A4) into
this equation gives
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as 1 L
—= T (FhF—DhD —Lhy +Q) -

M.
dt (?j (Fzi=Dy; —in))

J=1

Rearranging terms according to the molar flow rates F, V,
and L

s _ . (he =K hp K hy S K 0
PR END ) [ 2Ny [ 2N ) 1 2
dr (T jZTZ-/> (T ZT” T ;Tx/ T

by

R _hL ne 'uj
SL—sz?XJ

=1

where Tr and p denote the feed temperature and compo-
nent chemical potentials, respectively. Substituting these
expressions into Eq. A5 gives

i (he e o0
Lop(E-S "5z ) £ FSp-DSp-LS,+ =
dr <T ;ﬁ) PP

To get the feed entropy flow in the balance, we have
added and subtracted F'Sr. Hence

ds e S hr O ME 5 N Y
D oF[ N L) R (LS Y ) 4 FSp—DSp LS+ =
dr <T > 73 Tr ZTF 4 | HESr=DSp=LSLt

Rearranging to get the enthalpy /g and feed composition
z; terms together

s _(hr _hr S~ (W _Hr S ¢
—=F|———— —tzi——z. | | +FSp—DSp—LS;+=
dr (TTszlT’TFZ’ FEESDTEILT
Replacing hyp with UF+PF\7F, yvhere Up is the molar

internal energy, Pr pressure, and Vy the molar volume of
feed and gathering terms gives

das 1 1 ~ PF PF ~ [lc ,UJ :qu

Lop( (o= O+ (L= E) V=S (=D

dt ((T TF> r <T Tp> AT T
e e 0
+FSr—DSp LSL+?

We add and subtract P/T within terms multiplied with Vi
to give

ds U 1N\~ (P P P PR\ X[l M
Lopl (o= O+ (-4 o= 2E) Y-S (-2,
dr ((T Tp) r (T T T TF) r Z(TZ’ T

j=1

+F.§F—D§D—L§L+%

Rearranging again gives
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ds I 1\ P Pr\, S Wp
=F|\ |z |Urt |z~ |VFr— —zj
dr <<T TF> g <T TF> d Z(T’ Tr
er(%-
T
We now define the temperature scaled availability so that
: 1), P Pp S (W W
Ap= Ur+ Vi— ===z
m (T Tp> F (T Tp> r ,;(T e )7

The availability denotes the work per unit mole done by
the feed by equilibrating against the flash. Using this nota-
tion, we have

P\o e e o Q
— |\Vp+FSp—DSp—LS;+ =
T> F F D L T

d Pe P\. . .
;—FAF+F<F >VF+FSF—DSD—LSL+%

Let T, denote the temperature at which heat is supplied
from the environment. Adding and subtracting Q/Ty then
gives

ds_ . Pr P\ (1 P )
Z=FApt+F (L2 ) Vet +FSp—DSp—LS, +=
dt F < ) F <T TO)Q F— D L TO

Thus, we get

ds 0 % 1
D Sy —DSp—LS,+ = +FAp+F +
i Sr—DSp—LS; To F T( P) Q(T To)

(A6)

We now introduce the notation Sp=FS FySD= =DS D,
S = LSL to denote the entropy flow and F,4= FAF rate of
irreversible loss of available work due to sudden change of
conditions as the fluid expands into the flash from a high to
a low pressure. Equation A6 can then be written'*2°

das 0 1% 1
—S+ =+ Apt +
O = Sp=Sp=5+ 2 4 AptF L (Pr—P) Q(T TO)

Entropy flux - ¢g

Entropy Production - o

(AT)

The main reason for writing the equation this way is to
highlight the fact that the entropy balance is written in terms
of entropy and availability fluxes that are, respectively, con-
cave and convex in terms of the flow vectors.

The balance for an equilibrium system with n inlet flows
with rates F; and m outlet flows with rates D;, which may be
liquid or vapor, are developed along the same lines as for the
multicomponent flash. We get

——iFSF, ZDSD1+—

Entropy flux - (/)5
11
+ZF< (P P)> Q<?_T_o) (A8)

Entropy Production - g5
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